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Abstract-A generalization of geometrically linear shear deformation theories for small elastic
strains is presented for multilayered al\isymmetric shells of general shape without any assumption
other than neglecting the transverse normal strain. The shear is taken into account by using a
function fIe) which is introduced in the assumed kinematics. The boundary value problem is derived
from the principle of virtual power. With the "shear" function flC) in the kinematics. all equations
are directly applicable to: Kirchhotf-Lo~·e.first-order shear deformation. third-order shear defor
mation theories and. obviously. the proposed generalized shear deformation theory by using a
certain sine shear function. No shear-correction factors are needed with the proposed generalization
of shear deformation theories. A numerical evaluation of the new theory is presented and compared
with the above classic theories for a simply-supported thick laminated cylindrical shell under an
internal pressure.

I NTRO()UCTION

In practical applications. shell structures have been most commonly designed as axisym
metric in shape. and a few. such as piping; pressure vessels. ranging from small. high
pressure storage bottles to large chemical storage tanks and ballistic-missile rocket-motor
casings. arc fully axisymmetric (shape and loading). Using theories or finite clements of
axisymmetric shape is thus more ellicient than using theories or finite elements of general
shells to simulate the behaviour of such structures.

An increasing number of structural designs are extensively utilizing fiber composite
laminates. As in the case of laminated plates. the major higher-order effects in composite
material shells are thickness-shear flexibility and thickness-normal stresses. Also. due to low
transverse shear moduli relative to in-plane Young's moduli. transverse shear deformation
effects arc even more pronounced in composite laminates. except perhaps for hygrothermal
analysis. Likewise three general approaches are used to analyse these effects: improved
shell theory; microstructural continuum shell theory; three-dimensional nonhomogeneous
elasticity theory for long hollow cylinders. As examples within the wide field of shell theories.
laminated shell theories. shell finite elements. are the contributions of Bert (1974). Naghdi
(1971). Bert and Francis (1974), Bhimaraddi (1985). Oi Sciuva (1987) and Yang el al.
(1990). It would seem that the works published on axisymmetric shells are few.

Because of ditliculties involved in deriving two-dimensional theories of shells from
three-dimensional equations of elasticity. assumptions of one kind or another must cus
tomarily be introduced into the derivation. The aim of this paper is to propose a gener
alization of shear deformation theories for multilayered moderately thick axisymmetric
shells. The shear is taken into account by introducing into the kinematics the shear function
J(O = (h/Tt) sin (Tt~/h). where ~ is the coordinate following the thickness Iz of the shell. The
corresponding boundary value problem is solved by using the principle of virtual power in
linear elasticity. All equations are presented with a general shear functionJ(O which allows
the users to deduce "in extenso" displacements. strains. equilibrium equations. boundary
conditions and the constitutive law; for Kirchhoff-Love J«() = O. first-order shear defor
mationJ(O = (. third-order shear deformationJ«() = ~(1-4(/31z2) and generalized shear
deformation J(O = (hITt) sin (Tt~/Iz) theories. for axisymmetric shells of general shape. A
numerical evaluation of theories is presented for a layered cylindrical shell under internal
pressure in statics. The computation of stress distributions seems to indicate the superiority
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(If th..: prorosed generalized shear deformation theory, The theory which is geometrically
line;lr. is developed for small ebstic strains,

The interest of such a work IS in building a simple and efficient moderately thick
axisymmt:tric sht:ll tht:ory for the sizing of pressure vessels and piping. to analyse the
coll;lpse modes of a:,isymmetric shells and to develop finite element approximation for
gener;ll cases such as arbitrary meridional shapes and nonlinear analysis.

GEOMETRICAL PRELlMIi'iARIES

The fundamental problem of the theory of thin elastic shells is the formul;ltion of a
two-dimensional system of dilferential equations and boundary conditions. for a rational
approximate dett:rmination of strt:sses and deformations in three-dimensional elastic bodies
shap..:d as a thin elastic layer surrounding a surface in space. the middle surface of the shell.

Consider the space surrounding an arbitrary surface A. hereafter designated the shell
middle surbct:. which is defined by two curvilinear orthogonal coordinates (~I. ~2) coinciding
with its lines of principal curvature, Let Cl and C1 be the unit vectors in the directions ~ I

and ~~. respectively:

and

wl1\:n: i = r(~ I.':: J is the position vector of a point on the reference surface. Codlicients:

arc those of the first fundamental form of the shell reference surfaces (surface metric
codlicients). The unit vector perpendicular to A is denoted by n. which is chosen so that
(t: j. (: 2- Ii) form a right-handed orthogonal system. n= CI A C1' The radii of curV'lture in
the directions of ~ I and ~ 2 arc denoted by R I and R 2• respectively. and are taken to he
positive when the centers of curvature lie in the negative direction of n.

Lcr Cbe a rectilinear coordinate measured along the normal n to II. Then, from the
surface geometry, we deline the square of a line element through the middle surface A :

and the volume element

where

L, = ;l,(1 + (.)
• • R ~

arc the Lame parameters or the coefficients of the second fundamental form of the shell
middle surface. For a point on the middle surface. because' = 0, we have

and the corresponding square of a line clement is (the first fundamental form of the shell
middle surface)
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GENERAL KINEMATICS FOR AXISYMMETRIC SHELLS OF ARBITRARY SHAPE

Let VI. V 2• V, be the displacement components at an arbitrary point (~I' ~2.0 and in
the direction of (e 10 e2. n). The displacement components are functions of ~ I. ~ 2. (. For an
arbitrary shell and a geometrically linear theory. the strain-displacement relations (kine
matic relations) have been given by Reissner (1966) in curvilinear coordinates:

(I)

with corresponding expressions for 1;22 and 1;2"

For an axisymmetric shell where (ii. r I) is the plane of symmetry. we have

Equation (I) then becomes

(2)

{JU·
£ .... = .--~

" 2('
(3)

It is possible that it will be required that all formulations of the two-dimensional theory
(still to be established) be deductions from a three-dimensional formulation of a relevant
boundary value problem. for instance by an asymptotic expansion of the displacement field.
But it is also possible. and very much more practical. to establish a major part of two
dimensional shell theory without reference to any three-dimensional formulation. In this
last case. an approximate theory can be constructed on two-dimensional ad hoc assumptions
which should lead to the same or nearly the same results as the deductive steps from three
to two-dimensions. Then. we assume an approximate displacement field of the following
form for an axisymmetric shell :
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(a) (b)

Fig. I. Geometric variables for an arbitrary doubly curved shell of revolution: (a) meridional plane;
(b) cross-section at point P.

V~ = 0

V: = W(~I' t) (4)

where u and ware displacements of a point P of the meridian. Fig. I (respectively following
meridional and transverse directions). w is the relative rotation of the cross-sections to the
meridian around the ~ ~-axis and t the time and DIl'/iJ~ I is the Kirchhoff-Love rotation of
the cross-sections to the meridian also around the ~ ~-axis.

Then. writing VI into eqn (4) by taking

we obtain

t = (1)+
iXl tI~1 •

, LI" 'tlll'.""VI = 1l(';;I.t)-·- ~·;--+j(dt(';,.t)
(XI (XI G';; I

V~ = 0

(5)

(6)

This last equation shows that the function f(O is associated with the transverse shear. since
t(~" t) is the shear rotation.

The motives for assuming general kinematics under the form showed by eqn (4) are:

-we want only three independent generalized displacements.
-classical finite element approximations must be possible.
-the transverse shear is taken into account. without shear correction factors if f«() is a

higher-order function of the thickness coordinate C
-as usual in structural mechanics. we suppose a zero transverse normal strain (c:, = 0).

which is a good assumption. except perhaps for hygrothermal effects. or for a sandwich
shell in which the transverse rigidity of the core is small compared to that of skins.

-the necessity of recovering the classical thin shell and first-order shear deformation
theories.

There is no exact three-dimensional elasticity solution for shells, and two-dimensional
appropriate assumptions must be made in order to deduce an efficient theory. i.e. utilization
simplicity. accuracy. viable finite element approximations, shear deformation without cor
rection factors, no higher-order derivatives in the kinematics (these involve some com
plications to clarify the edge conditions), kinematics independent of the material behaviour
in order to extend the theory in plasticity.
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Some further comments will be made in the next section when we explain the function
f(~) and clarify eqn (4). Before this. we will compute strains to expose the boundary value
probkm and the constitutive law with an arbitrary function((~).

So. from eqn (3). the strains associated with the kinematics defined by eqn (4) are for
any function f(~) :

(7)

The last equation in eqns (7), which represents the transverse shear strain. ean still be
written after some n:arrangements:

(8)

TilE BOUNDARY VALUE PROBLEM FOR AXISYMMETRIC SIIELLS OF ARHlTRARY
SIIAPE: TilE GENERAL TIlEORY

A geometrically linear theory for sm.llI clastic strains is discussed. The theory is
restricted to axisymmetril.: shells under axisymmetril.: loading and classical boundary con
dilions. bUl is devdoped for any fUI1l.:tion f(~).

The shell considered has a uniform lhil.:kness which is mUl.:h smaller than the shell's
radii of l.:urvalure. The shell may be composed of a single material or several difTerent
materials bonded together in layers, e:Kh layer having a l.:onstant thickness. Each layer may
be isotropil.: or orthotropil.:. The material properties are assumed to be linearly clastic. A
wnsistent combination of displal.:ements (essential bound'lry wnditions). forces and
moments (natural boundary l.:onditions) arc specified at the ends of the shell: the upper
and lower lines ~ = ±h/2 being under a normal pressure. So. given the initial geometry of
the shell. its material properties. the prescribed end forl.:es and displacements, the dis
placements and stresses at every point of the shell are required. They are, in fact, obtained
by solving a two-dimensional boundary value problem. or a one-dimensional boundary
value problem in axisymmetric cases. This boundary value problem may be formulated by
a displacement variational method such as: the principle of virtual work. the principle of
virtual power. We choose the principle of virtual power [for example see Germain (1986)).

Let n be a shell with tractions F prescribed along part of its boundary r" c r edge • and
displacements prescribed along the other part r u c r edge • where the symbol c denotes a
subset. The upper and lower surfaces of the shell are taken to be under a normal pressure.

SA!; 29: 11-E
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To establish the boundary value problem by the principle of virtual power. from eqn
(4). we start by defining two spaces 41 and 4/* such that

C, =0:

(u. w) E H 1(~I )xH I (~I) ;
CIl'

specified on f. c f edge

(essential houndary conditions)} (9)

{
L f( -) - dW*

1/*= ur=---'-u*+---~--I, . +f(~)O*;
:x 1 :x 1 d-; I

(J! = 0; c~= W*:

where H'(~I) and H2(~I) are Sobolev spaces. The space 1/1 is the space of admissible
displacements U(~ I. (. t) defined in eqn (4), and the space 11* is the Space of virtual velocities
U*(~ I. () which must be considered at a fixed time. We note that f edge is simply the ends of
the axisymmetric shell.

The principle.: of virtual power states that:

"find (u. II'.w)ell so that for every (U*. W*.O*)e '11*. we have

( II )

with a summation on i and j = 1.2.3."
In eqn (II). (j' is the stress tensor. D* the virtual strain rate tensor. II the mass density,

o ::: D2U/ut 2 the acceleration vector, f the body force vet.:tor, f the contact force vector
prescribed on f lf which is located at the ends of the shell in the axisymmetric case. The
virtual velocity U* is detined by eqn (10), while D,~ is exal:tly defilH:d as in eqn (7). by
substituting c by D*, u by U*, I\' by W* and w by 0*, in eqn (7). Equation (II) allows us
to obtain both equilibrium equations and boundary conditions. But it is still necessary to
develop the integrals in eqn (II).

The integral of the first member in eqn (II) is the al:celeralion virtual power .:1: and
is equal by definition to

;~:::: [ pOU* dr
wll

or, explicitly

where L p = (I + ~IRfI)'XfI. fJ ::: 1.2 and II is the constant shell thickness.
As all functions in eqn (12) are independent of ~1 (the axisymmetric case) and are

known functions of the ~ thickness-variable. then eqn (12) becomes
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where

1385

( 13)

The first term of the second member of eqn (II) is the internal virtual power ,~~:

.1",. = - In (Ju D~ dl', From the definition of the virtual strain rates D~ recalled above, the
internal virtual power becomes, in axisymmetric cases,

where we recall that

From eqn (15), we define the following generalized stresses:

( 16)

which are the classical membrane forces Nfll" flexural moments Mflil and other (refined or
higher-order) moments l\f'lllJ due to the shear function f«() and the shear force QI,' We
note:

-with the Kirchhoff-Love theory,f(O = 0 and Milil = 0, QI' = 0,
-with the first-order shear deformation theory, /(0 = 'and MlJfI == MfllJ.

Thus, lifflfl arc in fact higher-order moments only found with refined theories.
These definitions [eqn (16)] allow us to simplify eqn (15):
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( 17)

Finally, we need to explain the two other virtual powers in eqn (11): respectively the body
force virtual power Ji'~ and the contact force virtual power :!!:. The first is equal by definition
to

or. explicitly

( 18)

Finally. the contact force virtual power is

or, explicitly

( 19)

since the shdl is axisymmetric. and where ll.l are components of body forces. Flo F: are
components or contact (or end) forces. both in curvilinear coordinates (~I. ~ 1. C). We
establish:

(20)

Then eqn (18) becomes

(21 )

We define equivalent quantities for contact force virtual power 9: at the ends of the shell:
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So, contact (end) force virtual power can be written as

Finally, eqn (II) is equivalent to

:~:= .jP,.+;~t+:jP~, v(U·,O·, W·)e-fl·

1387

(22)

(23)

(II bis)

and to verify the principle of virtual power, some integrations by part are necessary to
eliminate the derivatives on the virtual velocity field U· e 1/. in eqns (13). (17) and (21).

After these classic manipulations, eqn (II), i.e. eqn (II bis) implies (ex, and:x~ #- 0):

Equilihrium equations jc}r all U·(~ I), W·(~ I) and O·(~ I)

A= ~'.!.. ~R~ _N~~ ~:x~ _ ~~__ ~~2 +_~ _~ {(N ,+ ~f\l)a:.IX,}+n
u 'X,Ri d~, iXla:~ d~, a:,:x~R, d~, (XiiX~ iJ~, I R, • I

(24)

The normal pressure, p, acting on the lines' = ±h/2 is included by ii; = q;+p in eqn (24).

Natural boundary conditions at the ends ~ I = 0 and ~, = I of the shell for all U·, W·.
dW·/d~" O· so that~. = 0 or ~I = I

I diX, _ I &1, _ _
- - -;;=-(M~~-Md+ - -.-(M,,-M,')-Q,,(X,

iX~d':;l (X,d.:;,

0= (C.-C.)-(M\I-M,.)(X,

0= c\ -""\I(XI' (25)
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[n egns (2~) and (25) we have included from egn (13):

(26)

Equation for ,4.. in eqn (26) is defined only at ~ I = 0 and ~ I = l.

Remarks
(a) We obtain the Kirchhotr~Love theory with A-£IIII = ';1, = C\ = 0 and 0,; = 0 in

ctlns (24) and (25): f(:) == O.
(b) We obtain the tirst-order shear deformation theory with 1'v£1111 = IHIIIt. ,ill = mi.

C\ = C 1 in eqns (24) and (25): .n:) = C.
(c) Essential boundary conditions have been defined in the space )1/, eqn (9).

TilE CONSTITUTIVE I.AW FOR MULTILAYERED AXISYMMETRIC SHELLS WITHIN nlE
GENERAL THEORY

Let liS consider a shell of constant thickness It consisting of N parallel thin layers of
orthotropic linear clastic materials. The thickness of each layer is assumed to be constant.
The material propcrties and the thickness of each layer may be entirely ditrcrent. As usual
in structural mechanics. the normal transverse stress (j~; is assumed to be small in comparison
with other normal stresses and is neglected. Except for local etlcct problems. this hypothesis
is well justitied. Taking into account this assumption and eliminating (j;~ in the usual
anisotropic linear-elastic wnstitutive law a'i = C'lklC:k/ (with summation on k and 101' 1-3),
where C,,<I arc thc classic elastic cocfficients, then, for each layer of an axisymmetric shell
(with which we also have (J Il ::::: (J ,; = 0 and t; 12 ::::: £2; = 0) thc constitutive relations become

o
(27)

where C~'/I/I::::: Cn/I/I-C"nCfI/lll,"CllIJ: 'X,{I::::: 1,2. takes into account a~; = O. Shear cor
rection factors an: only nceded with thc first-order shear deformation theory as discussed
in the next section.

To usc etluilibrium cquations (24), it is necessary to build a global constitutive law
with etlns (16) and (27). Substituting etln (7) into eqn (27), then the result into eqn (16)
gives the global constitutive law:

jN) [AM = B'

1\1 B'

B A'

D B

d B
(28)
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and

In eqn (28). we have noted:

am!

The matrices A, B. A'. B'. B. il, d. D. j) in cqn (28) arc symm~tricand dctlncd by

1389

(29)

(30)

(31 )

(32)

where we recall: L" = a.,,( 1+ C/ RIl ). (33)
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The global constitutive law. eqns (28) and (29). sho\\s a coupling between membrane
(displacement u). flexion (displacement H) and shear (rotation (;)). for any material. This
is due to the various curvatures of the shell and is well known.

CLASSICAL SHELL THEORY. PLLS FIRST·ORDER. THIRD-ORDER A;'\'D GE:"ERALIZED
SHEAR DEFOR\I\TIO:" THEORIES

Now. to use eqns (4)-(33) we only have to choose the "shear" function f(~). Several
options are proposed and will be numerically evaluated in a future section. For an axisym
metric shell of general shape. these options are:

(a) (34)

and eqns (4)-(33) give t!Ie Kirc!tII1I11-Lo/"t' or classical thill shef! theory. Then the cross
sections remain plane and normal to the meridian.

(b) (35)

and eqns (4)-03) give t!Ie fint-order shear de/ilOllatio!l theury (Reissner-Mindlin type
theory). Then this theory allows the cross-sections to flltate n:lative to the meridian. the
cross-sections remaining plane. This theory requires the use of a shear correction l:lctor
[correction of the shear modulus C Ill] in eqn (2)J due to a rudirlH;ntary transverse shear
stress distrihution whil:l1. for example. is uniform for cyllf1ders. The shear corn;ction factor
h'~ has heen evaluatt:d in dill'crt:nt ways.

(i) The right-hand side of eqn (32) is multiplit:d hy a shear corrt:ction factor which is
chost:n to makt: the first-order shear deformation theory as accuratc as possihle for a specific
prohlem. This tCl:hniqut: was introduct:d for isotropil: plates by Boll\; (1947) in the manner
ofTimoshenko (1922) for ht:ams. and hy Mindlin (11)51) using thl.: asymptotic velol:ity of
transverse waves in a plate (Rayleigh wavt:s). Boll\: found a l:orrection factor equal to 5;6.
while Mindlin found a corrl.:ction factor which. obviously depends on thl.: Poisson ratio.

(ii) In addition to the kinematic assumptions. one makes assumptions concerning the
distrihution of stresses and strains through the thickness of the shell. Then a variational
principle has been employed to llerivt: the constitutin; law. This tt:chniqw.: has been
employed by Rt:issner ( 1945) and Naghdi (1963). With this technique assuming that the
transverse shear stresses vary quadratically through the thickness for the first-order shear
deformation theory. one found a shear correction factor t:ljualto 56 for an isotropic plate.

(iii) For laminated plates, two shear correction factors havc been determined by Whitney
(1972). Explicit expressions art: obtained for shear factors in cylindrical bending using the
constitutive law of each layer in conjunction with the equilibrium equations which are
integrated through the thickness of the laminate in orda to obtain the transverse shear
stresst:s. Integration constants art: dett:rmined hy satisfying the continuity of tht: transverse
shear stresses at the various layer interfaces and tht: boundary conditions at the top and
the bottom surfaces of the plate. For homogent:olls plates. the method gives shear correction
t:letors equal to 5/6.

The requirement ofwrn;ction factors are a handicap to the ust: of the lirst-order shear
deformation theory in multilayered structures. The shear correction K

1 will be introduced
in the right-hand side of eqn (32). i.e. tht: shear modulus e'l 1] is replaced by Kee,] I]'

(c) (6)

and egns (4)-(33) give the third-order shear ,hjrJr/l/luiol/ theory. This function has heen
used by Bhimamddi (1984) within another kind of kinematics for cylinders. and by Reddy
and Liu (1985) for shallow-shells. This tht:ory allows the cross-sections to rotate rdative to
the meridian and to warp into a third-order polynomial shape.
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(37)

and eqns H)-(33) give the generali:ed shear deformation theory. where it = 3.1~1592 ...
This last type of kinematics which is new, has been applied to plates by Touratier (1991).
This theory allows the cross-sections to rotate relative to the meridian and to warp into a
sine shape,

Tlte C(Jrrectness ollite .'Iellaa!i;;ed sltear de!()rmarioll tl/l!ory
In the absence of an exact three-dimensional form for the shell displacements. we are

going to explain the choice of the kinematics in eqn (6) and the function given by the eqn
(37). using three-dimensional plate considerations without membrane effects because these
are well known and necessitate no justifications. Then, in eqn (6) membrane etTects are
represented by the term (L 1/:X 1)11. Cheng (1979) has presented a method for the solution of
three-dimensional elasticity equations for the problem of thick plates. Through this method
three governing ditferential equations. the well-known biharmonic equation '1"'1' II' = - (I' D
(V' is the two-dimensional Laplacian, D the bending rigidity. q the transverse load); a shear
equation (v~ - (21'+ II 'n:',h')s = 0 (.~ is a shear function.p an integer); and a transcendental
equation {I V'l{ I-sin (ItV)'hVI/! = 0 (Ff is a stress function) are deduced from Navier's
equations and arc exact. We recall that the following discussion docs not incorporate the
mem ora ne displacemen t (1'1 :x JIll in eq n (61, Then, we propose hllildill.lJ tlte shcar-hClldinC!
displacemcllt .fidd accordill.ll to thc ahore thrcc-dimcllsiollal cOllsidcratio/l.\· and takill.lJ illfO
accollllt thc fIIotiralions cxplailled hdoll' C(11l «(i). In the displacement licld corresponding
to the oiharml1nic equation, we keep only the lirst term to avoid material oehaviollf
lkpendenl:e and higher-order derivatives: it is exactly the classical Kirchhotr Love dis
placement field which corresponds toj'(e) O. eqn (J4), i.e. to - (I':x JI (1\1'/(1~ 1 and II' terms
in eqn (6). Next. the shear equation gives an in-plane displacement lield of which the
thickness dependence is of the form sin «21'+ I )n(/h), ll'itlwu/ allY .\·wl/fIw/iofl on the
non/em odd integer II = 21' + I. Thus. we l:hoose the particular solution II = I and introduce
the multiplier Lll:tor It.'rr. to builLl our generalized shear deformation theory sn that
/(::,) = (h/rr.) sin (n:::,It), Thisjustilies the term/(Ol'(~1, t) in eqn (6). Other particular choices
arc II = J or II = 5 or II = 7., .. But we remark that n = I is the only solution to recover
the first-order shear deformation theory by a truncation of the series development of the
functionj'(::'1 = (h/n) sin (n::'!h). In addition. the series development of sin (rr.::':'h) convcrges
more rapidly than the series development of sin (Ilrr::'/h) with n = J, 5, ... Note: all our
computations in this paper arc made keeping the sine Jimc/ion intact (without any series
development tnltll:ation), Finally. the transcendental equation which gives a displacement
field with a material dependence and higher-order derivatives. has not been taken into
al:counl.

All these remarks based on thrce-dimensional plate considerations have allowed us to
build shear-bending displacemcnts in eqn (6). or in eqn (4). and the generalized shear
deformation theory represented by eqn (37), which is correct from the three-dimensional
elasticity for thick plates,

Rcmark I. To e.\plain morc traditionally the above eqn (4) and the proposed function
I(::') given by eqn (37). we are going to expand in a power series of the thickness coordinate
( the (/1 component of the displacement lieId in eqn (4). It is not necessary to examine
the other components, since U, = 0 (axisymmetry) and 1:;: = 0 which implies f.,'; = \I'. In
prinl:ipk, theories developed by this means can be made as accurately as desired simply by
including a sullicient numoer of terms, sec La et a/. (1977) for example. Unfortunately. this
method has serious limitations due to the great number of e4u~llions to be solved. Thus.
the componcnt U 101' thc displacement becomes. in the shear-bending case us in thc prcceding
discussion (we recall that we want to explain only the shear-bending terms in the dis
plal'ement field. the memorane term being classical):
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So. octw;:en eqns H) and (6) for the component [,', without th;: membrane term. and the
eqn (33l, we haw successively:

-from eqn (34)J(~) 0, then in eqn (33) taking into account eqns (4) and (6), we have'

(')'111

:XI
tu'/' = wit = ... = W\21" I, ••. = ():

-from eqn (35). l«() = (, then in eqn (38) taking into account eqns (4) and (6). we have:

-from eqn (36). f(~) = ~(l -4('/311 2
) then in eqn (38) taking into account eqns (4) and

(6), we have:

,Il -I 1
1

11"
III= W = +,.WI f· (1)1

"1 1 (~~ I

from elJn (J7).

II n;( Ii' (rr~):J' • I I
f(~) = sin . = ") ( - I)"

n; Ii n {.,:"" It (21' + I)! .

then in eqn (38) taking into account eqns (4) and (6). we have:

W\II = (I) = n'
~ , I ' ~'.
•'. I

It-I l' n!1'

-, I -I y• ...• W\-I" Il = (- I)" (' I) 'I 'I' ~'•...
). I _1'+ . I

This shows the increasing rdinement of the kinematics given by eqn (4) when we choose,
successively. the fum;tionl(O from eqn (34) to eqn (37).

Remark 2. It is interesting to note from the above considerations that.

if In........ O. then f«() = (h/n) sin (n;(II)f-+ O. V(e[-h2. +1t/2) and the Kirchhoff-Love
theory is immediately recovered which is not the case with the first-order and the third
order shear deformation theories:
the first-order shear deformation theory corresponds exactly to the first term of the series
development of the gener~t1ized shear deformation theory which uses the sine function:
the third-order shear deformation theory is of the same order as the third-order series
development of the generalized shear deformation theory.

Remark 3. In eqn (8) if f«() is defined by eqn (37). then d.rd~ = cos (rr(llt) and

(i) the transverse shear strain distribution is of high degree and a shear correction
factor is not needed:

(ii) if R I = -f; (cylinder cone). the boundary conditions for zero stress are exactly
satisfied on the boundaries ( = ±!J:2:

(iii) for axisymmetric shells ofgeneral shape. these houndary conditions will he apprmi
matdy satisfied if h[rrR I (! ±1r/2R , )! « I.
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(n conclusion, the three-dimensional thick plate's origin of the sine shear function (in
absence of a three-dimensional exact solution for shells) and the infinity of terms in its
polynomial representation allow us to hope that the corresponding theory will be accurate,
without increasing the complexity compared to the first-order shear deformation theory.

SOME APPLICATIONS AND EXTENSIONS OF THE GENERAL AXISYMMETRIC
SHELL THEORY

The preceding sections have been devoted to the axisymmetric shells of general shape.
We now investigate some classic shapes of axisymmetric shells (Fig. I).

(a) Cylinder

~t=S; ~z=O: R 1 =7J: Rz=R: ~,=l; ~z=R.

(b) COile and circular plate

(39)

RoR, =-;-- +scot q>; Cl:, = I:
• Sin qJ

~2 = R = R:sin If' = Ro+scos cp.

For circular plates. we take Rz = 00. ~: = R.

(c) Circular toroh/alsection

(40)

~l = IP: ~: =0;

(Xl = R = R l sin Ip = R" + R I sin IP. (41 )

{d} Spherical section

~l = Ip; ~l = 0: Rt(constant); Rl = R1 ; ~I = R 1 ; :Xl = R1 sin qJ = R l sin cp.
(42)

(c) Paraholoid

_ R,..
R1 ---J-'

cos cp
R,. R 'R,=---' ~l=Rl; \Xl=R= 1smCP·

- cos q>'
(43)

(0 Beam under traction-flexiun in the plane (~I' (), e, is the heam axis

(n this problem the elastic modulus must be taken equal to

C ilil = E 1, Young's modulus following "I'

(44)

The height of the beam is II and its width is unity. Finally. if

(i) f«() = O. we obtain the Euler-Bernoulli beam theory:
(ii) f«() = C. we obtain the Timoshenko beam theory. with a shear correction factor:
(iii) f«() =((I-4(1/(3h 1», we obtain the Bickford (1982) theory; Levinson (1981)

uses the same function f('). but its theory cannot be deduced from the above model as the
Levinson theory is variationally inconsistent.

(iv) f(O = (h/1t) sin (ltC/h). gives the generalized shear deformation theory.



\1. TOl R.\TIER

(g) euned beam in the plane (~I' ;) : ~ 1 is j()/Imring its axis

I' 1; = I. (45)

(h) Finite element approximations for a general shape (Faye, to appear)
The kinematics in eqn (4) requires the C continuity for the deflection 11". In order to

satisfy the field compatibility (to avoid the shear locking phenomena). i.e. the same degree
of interpolation in the expression

;' = (:)+

;( 1 (~~ I
for (!) and

til'
(~~ 1 '

we suggest taking the classic Hermitian polynomial of degree three to interpolate II", and the
classic Lagrange polynomial ofdegree two to interpolate both the membrane displacement II

and the shear rotation w, Then. the e I continuity is assured for II' and II and ware of ell

continuity. as required. In linear elasticity, eqns (7). (15) and (27) will be used to build the
stiffness matrix. An element such as that suggested above has three nodes with II···. (111"'i(1~ I'

ll. ul. as degrees of freedom at each end node of the element. and 1/", 0/. as degrees of
freedom at the central node of the element. Details for constructing such an clement can
he found in Zienkicwic/ (197\)). espel.:ially how to interpolate the curvature, The principal
advantage of the presen t hasic model. wi th((~) = (h IT) sin (rc(ih) for finite clement approxi
mation, is its lack of need of shear correction factors.

(i) Ge!1era!i:;atilJll rctjilrdillY WI arhitrar.l' shell
We introduce in eqn (4) for the component l:, of the displacement field an analog

fortll to the I.:omponcnt (/1 now with thc generali/ed displal.:ements II/I. (1)/1, 1\': {/ = 1,2, and
compute the strains using eqn (I). Then. all equations will he deduced from eqn (II). the
local constitutive law heing (1'1 = c,lul'" (summation on k and I = 1.2,3) still with the
assumption (1:; = O. EXl.:ept for panels and cylinders. such a model is vcry complicated to usc,
and. today finite elemcnt approximations an.: morc useful when simulating the behaviour of
shells of arbitrary shapes. particularly for fully nonlinear analysis.

A NUMERIC.-\[. EVALUATION I:"J STATIC'S OF SEVERAL AXISYMMETRIC SHELL
THEORIES

An evaluation of Ihe generalized shear deformation theory is made in statics. The
sample problem chosen is a simply-supported multilayered composite cylinder, Substitution
ofeqns (28)-(33) and (39) into eqn (24) yields the dilferential equations for the stable static
loading problem of an orthotropic multilayered composite cylindril.:al shell under transverse
normal pressure (internal pressure) p. expressed in terms of displacements of the midsurface
of the shell (fl, = dflds) :

(46)

and corresponding natural boundary conditions. In fact. eqn (25) with R I = X. fill =
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m, = O. d7:/d~, = O. 71 = I. Equations (~6) are those of the generalized shear deformation
theory for a cylindrical shell under an axisymmetric normal pressure. In particular. we have

- Kirchhoff-Love theory with f«() = 0 and B= B' = A = D = €I = 0,
-First-order shear deformation theory with f«() = ~ and B II = Bli = 8'" = B'",

d ll = D II = DII , BI~ = B,~.

We assume that the normal pressure p as sinusoidal. Then. the system of differential
eqn (46) admits a solution of the form

with

u = U cos ;.s. II' = Wsin ;.s. w = n cos;s

p = P sin ;.s

(47)

(48)

for a sinusoidal pressure. In eqns (47) and (~8). I is the length of the cylinder. ;.• U, W, n.
P are constants which are to be determined. with the exception of P. by the boundary
conditions. For a simply-supported cylindrical shell. these are [from eqns (9) and (25)]

Boundary conditions in eqn (49) are satisfied by eqn (47) with

;. = rmr./ I; m = 1.3.5..... an odd integer.

(49)

(50)

Substituting eqns (47) and (4X) into e4n (46) yields the following linear algebraic system
which must be satisfied by the undetermined constants U. IV and n:

where

lll.l]{Ul {O l
lI:.1 fV = -I',

lin n 0

(51)

This system is easy to solve.

(52)

Remarks :
-if the pressure is distributed following a single sine curve, then m = I in eqns (50). and

only one solution is needed to obtain II, II', (I),

-if the pressure is uniformly distributed. then m = 1.3,5, ... in eqn (50). and in eqn (5\)
P = 4Po/mrr. The solution of eqn (51) is obtained by the superposition of solutions
corresponding to each m = \.3.5, ... , until convergence of the solutions:

u=I.U",cos(mrr/l)s; w=I.W",sin(mrr/l)s; w=I.n",cos(mrr/l)s. (53)

'"

-with Kirchhoff-Love theory. alJ = a2.l = all = 0; BII = ell I = DII = BI~ = Ass = 0
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-with first-order shear deformation theory, jj 1\ = B I I, d ll = D
"

= D \I. B I:

.-I" is computed with f(~) = ~,and possibly a shear correction factor.

The preceding analysis is applied to the stable static loading of a simply-supported
boron-epoxy composite circular cylindrical shell under internal radial pressure. The radial
pressure is P = 62.10 \-1 Pa. The shell is assumed to be composed of four layers
(90 00 /90 ) of boron-epoxy composite of equal thickness. The fibers of the outer layers
are then assumed to be oriented in the circumferential direction and the fibers in the inner
byers are axially oriented. The following composite moduli and Poisson's ratio are used in
the computation, Logan and Widera (1980) :

£1 = 241.5 GPa; £: = 18.98GPa: £1 = £:

G:1=3A5GPa: G lI =5.18GPa; G r:=G11

\':1 = 0.25; VII = 0.24: \'\: = V lI .

The geometric properties of this thick cylindrical shell are:

R = IA097 m: Jz = 0.2794 rn, I = I m or 6.35 m.

Then

RIJz = 5.0454545; I.Jz = 3.5790981 or 22.727273; R/l= 1.40970rO.222.

Tables 1-5 show results obtained for displacements and stresses following the thickness of

T;lh!e I. Ma'IllHHlI gener;liized displacements for a simply-supported circular
cylindrical homn-epoxy layered (110 /0.'0,90) shell under internal sinuSlHdai
pressure. Symhols SIN, CLT. I:SDT, TSDT respectively designate the gener
alized shear deformation theory, the Kirchholf Love theory. the first-order
shear deformatIOn theory without correction t'lctors and the third-order shear
deformation theory; which correspond respectively to I"lc) -= (hilt) sin (It~/Ir);

f(~) ~ o. r(~) ~ (; l< I 4~'1-'i1')

Theory w( 1/2); in m u(O); in m ,,,(0); in rd

SIN 2.72114 x 10 I 2.1191<)xf(} ,
- 311·D2< 10

,
CLT 2.3211xlO

,
3(1421 x to

,
FSDT 2.65911 x f(} \ 2.<)172 x to ,

-4.<)253 x to ,
TSDT 2.7247 x 10

,
2.11932 x 10

,
3.%22 x 10 \

Table 2. Distribution of the ",; transverse shear stress throughout the thickness of a simply-supported circular
cylindrical boron-epo"y layered (90/0 '/0 'j90') shell under intern;1! sinusoidal pressure: SI N ",; is the generalized
shear deformation theory; CLT ",; is the Kirehhotf ·Love theory: FSDT "I; is the first-order shear deformation
theory: TSDT ",; is the third-order shear deformatiun theory. The distribution of the transverse shear stress
is computed at the end ~, -= .< -= 0 of the shell. Symnols SIN. CLT. FSDT. TSDT correspond to f(~) =

(II/It) Sin (It(/II);}«() = O;}(~) ~;}«() = (I 4('/31J')

SI:--J ",;(O.~) CLTO',;(O.() FSDT ",;(O.~) TSDT (l',,(O.~,

in MPa in MPa in MPa in MP;I

~ = 0 (meridian) 24,492 0 17.770 13.1116
~ = h,'4 (interface) 17.3111 0 17.770 17.1162

t 1.534 0 II.lB5 IUN6
( -= 1r2 (extern;li face) 0 0 11.835 0

Tanle 3. Distribution of the U, meridional displacement throughout the thickness ofa simply-supported cylindrical
boron-epoxy (90 ,0/0 /90) l;lyered shell under internal sinusoidal pressure. Symbols SIN. CLT, FSDT. TSDT
respectively represent the generalized shear deformation theory. the Kirchholf Love theory. the first-order shear
deformation theory and the third-order shear deformation theory. which correspond to f«} = (!r/1t) sin (itCh);

f(~) = 0 ;f(~) = C f(~) = W-4~'/31r')

~ -= 0 (llIeridi;ln)
~ -= hi4 (interface)

( = ""2 (external face)

SIN V,(O.~)

in m

2.8919 x 10 <

-2.7245 x 10 •
- 7.4S0n x 10 •

CLT C',(O,()
in 111

3.l1421 x 10' <

-4.71192 x 10 •
-<)XII26 x 10 •

FSDT V,(O.(}
In 111

2.917:!x 10-'
-3.14X6x 10 •
-6.51190 x 10 •

TSDT C,(O.~)

in m

2119J2 x 10 <

-2.7459 x III '
- 7.3S6g x III '
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Table ... Distribution of the meridional stress u II for a simply-supported boron-epo:ttY (90 ',0'090 ) layered shell
under internal sinusoidal pressure. Symbols SIN. CLT. FSDT. TSDT respectively represent the generalized shear
deformation theory. the KlrchholfLove theory. the first-order shear deformation theory and L,e third-order
shear deformation theory ..... hich correspond to f(J = (h,IT) sin (n:~ h); r(~) = 0 ;f(~) = ~; 1<) = ~(I-4,' 3h')

SI:-.I a,,({ 2.~)

in MPa
CLT a,,(1 2.~)

in MPa
FSDTu,,({ 2.~) TSDTu,,(1 2.~)

in MPa In MPa

c= 0 (meridian)
C= h." (interface)

-13.18"
216.08

2".757
52862

-15651
372.18

35865
66.050

-13599
2"8.20

27.086
.. 7322

-13.206
217.70

24.875
5229

Table 5. DIstribution of the a" circumferential slress throughout the thickness of a simply-supported boron
ep,,,y (90 .0 0 90) layered shell under internal Sinusoidal pressure. Symbols SIN. CLT. FSDT. TSDT respec
tively represent the generalized shear deformation theory. the Kirchhotf-Love theory. the lirst-order shear
defl'rmation theory and the third-order shear deformation theory..... hich correspond to /(C) = Ih rr) sin « h);

f(~) = O:fl~) = ~:f(,) = ,(1-4,' 3h')

SIN a,,( 1 2. ,)
in MPa

CLT a,,( \2. ,)
in MPa

FSDTu,,(12.~) TSDTa:,(1 2.~)

in MPa In MPa

C= 0 (lIlendian)
C= hi" (intert;\cc)

" = 1t;2 (e~ternal face)

36 ..85
W.076

"51.28
"37.95

30.955
36.796

387A7
377.63

35.55"
38.802

....0.64
425.93

36A3
W.059

450.71
-137.2-1

a lT1ultiiayered cylindrical short shell wilh / = I m. [n these tahles. symhols SIN, CLT,
rSDT, TSDT. respectively identify:

SIN: the present generalized shear deformation theory with f(~) = (h/n) sin (n~!h),

CLT: the classical laminated theory, i.e. Kirchhofr Love theory for laminated, with
f(~) = O.

FSDT: the first-order shear deformation theory without .I'heor correctioll ji/ctor and
f(~) =~,

TSDT: the third-order shear deformation theory such as:

[n Tables IS, displacement distributions arc deduced from e'lns (4). (39). (47) and (51)
and stress distributions from eqns (27), (7), (39), (47) and (51).

Di.H·U.I'.I'ioll of tht' rt'su/t.l'
Comparisons of S[ N. CLT, FSDT and TSDT theories in the absence of an exact three

dimensional elasticity solution arc made. Results in Tables 1-5 show that:

- The CLT solution is not applicable to the problem in question. [n fact, errors are large.
except for the membrane displacement which gives a deviation of 5% between CLT and
SIN solutions. All stresses become inaccurate when using the CLT theory.

--The FSDT solution gives a good approximation of transverse displacement, membrane
displacement, circumferential stress; but a large error is seen, compared with the SIN
solution for shear rotation w, meridional displacement VI' transverse shear stress 0'1;

and meridional stress (J II'

--The TSDT solution involves a maximum deviation of 3.2% in comparison with the SIN
solution for shear rotation and transverse shear stress.

All inaccuracies observed on the short cylinder using CLT and FSDT are due to
transverse shear effects. To confirm this observation, it is sufficient to consider a simply
supported moderately long cylinder: we have chosen / = 6.35 m, as in Logan and Widera
(19~O).Then the maximum deviation between the SIN solution and CLTor FSDT solutions
for generalized displacements II and II' is below 1%. For the meridional stress a II (1 /2, ~),

the maximum deviation between the SIN and CLT theories is around 9% ; and around 2%



betvvel.:n thl.: SIS and FSDT thl.:onl.:s. at the intl.:rfa-:c; = h ~ \S[S valul.: = 3.~1S \IPa. thl.:
maximum ml.:ndional strl.:ss is 10.5 \lPa for all thl.:ories). The ma'l:imum tranSVl.:r'ie shear
strl.:ss t7:. be-:oml.:s \a: 'imall in this example and is not signiti-:ant: t7 1.U).()) = 021 \IPa
with thl.: SIS sl)lution and vl.rO.OI = O.I~ MPa with the FSDT solution. This is \\h\ all
theoril.:s gne thl.: same rl.:sults for maximum genl.:ralized displa-:emenb f\)r a modaatcl:
k1ngla:l.:redcylindricalshell:a(12)-3.36IxIO 'm:1I(OI-1713x!O 'm.

FInally. as the generalized shear dd'ormation theory propos..:d IS simple. It is sugge'ited
it is used f\)r any shell problems (thin and moderately thick shells with or without composite
materials). An: way. a shear dd'onnation theory has to bl.: chosen for sh.:!1 problems in
whi-:h the shl.:ar is signiti-:ant. i.e. for example with modl.:rately thick shells. laminated shells
(thin \)1' thick I be-:ause they exhibit much lower strength in the transverse directions and at
the ply interfa-:es. thus bemg parti-:ularly susceptible to matrix -:ra-:king and delaminations.
Finally. shear deformation theories have to be chosen for any shell type in wave propagation
phenoml.:non analysis.

CO:"iCLUDING RE~1ARKS

[n this paper, a generalized shear deformation theory has been proposed for moderately
thick multilayered axisymmetric shells without any assumption other than neglecting the
transverse normal strain. The reduction of the three-dimensional problem to the bidi
mensional one is accomplished assuming a displacement field which allows sine variations
throughout the thi-:knl.:ss of the shdl for the {II maidional disrlacement. and a constant
valul.: for thl.: (': radial disrlaceml.:nt. The shear in the rroposed thl.:ory is n:prl.:sl.:llled by
trig\)nol1lL'lric functions and docs not rl.:quire the introduction of shl.:ar correction factors.
The b11ufHbry value problem is solved by the principle of Virtual po\ver. and is fully
general when introducing a function fie) in thl.: kinl.:matics [eqn (4)l whi-:h allow, us to
,ystematictlly ohtain all required results (kinematics, strains. equilibrium equations. natu
ral boundary conditions. stresse,. constitutiw law) for the Kin:hllllfr L\l\1.: theory where
/(C) 7= n. the first-order shear tkformation theory where ftC) '= ~, the tlllfd-ortkr shl.:ar
del'orm;ltlon themy where I(C) '''' C( I -l;~/(31t~)) and fin;lily, a gener;t1i/ed shear defor
mation thl.:ory wht:re nC) == (It/rr) sin (IT(/h). as proposed in this papt:r and which is new,
The theory is pre,ented fnr an arhitrary shape ofaxisYlllmetric nwltilayl.:red shells. Furthl.:r
classic sh;tpes ;Ire lllt:lltioned as examples, and thl.: derivation of a finite element ;Ipproxi
Ill;ltillil I'm an arbitrary shape is indicated, as well as the e'l:lt:nsion to an ;trbitrary shell
witlwut axisymmetry. A numerieal tt:st or comparison for a multilayered -:ylindrical shell
is given between the Kirchhoff Lovt: theory, thl.: lirst-order shear deformation thl.:ory, thl.:
third-ordl.:r shl.:ar dd'orm;ltion theory and the gl.:neralized shear deformation theory. From
a COl1\agencl.: roint or VII.:W and in the absence of an exact threl.:-dimensional elasticity solution
the numerical trend indicates as in plates that the oetter ret'crelKI.: solution betwl.:l.:n all
thennes. seems tn 01.: tha t of the generalizt:d shear deforma ti\)[1 thenry. In fac!. thi, beh;t viour
has bl.:en observed bl.:tween the same theories as in this papt:r, but for plates by eomp;lrison
with thl.: t:xact three-dimensional solution which exists. Touratier (1991). Futurt: \vork wlil
he turned toward the edge drccts in the objel.:tive of thl.: siting of structures.

.·t./..",,"I.·dl/t'1II1'/I/\ ThIS ha,,,; work 1(,!Iows an applied research on the ,.ptil1lal ,k"gIl "I' "\lSynlTlletnc shclls
lin"nccd hv TU R lit )\1 LeA I lIordes. Fr"nce) "nd the a"lh"r thanks Dr II L,L,nnc 1'''1' Ill, cnc'()ur;,~emc'nll()w"rch
IInprovlng' hasic I1lPckls used for "nng of structures (optim;t! design). •
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